A model describing the temperature effect of liquid crystal ͑LC͒ refractive indices is derived and confirmed by experiment. Two single LC compounds ͑5CB, 5PCH͒ and two mixtures ͑MLC-6241-000 and UCF-35͒ with different birefringence values were used to validate the model. This model fits all the experimental data well. For a low-birefringence LC mixture, if the operating temperature is far below its clearing point, the temperature-dependent refractive indices can be approximated as a parabolic form. This prediction is also experimentally validated. In addition, a linear relationship between ͗n 2 ͘ and temperature is found.
I. INTRODUCTION
Liquid crystal ͑LC͒ has been used extensively for directview and projection displays, tunable photonics, and nonlinear optics. [1] [2] [3] [4] Most of the LC devices use the electric-, thermal-, or optical-field-induced refractive index change to modulate light. LC refractive indices are determined mainly by the molecular structure, wavelength, and temperature. Several models, [5] [6] [7] [8] [9] [10] such as the single-band model, 5 threeband model 8 and extended Cauchy model, 10 have been developed to describe the wavelength-dependent LC refractive indices. The three-band model is particularly useful for understanding the origins of the refractive indices of single LC compounds, while the extended Cauchy model is more appropriate for LC mixtures. As the wavelength increases, both n e ͑refractive index for the extraordinary ray͒ and n o ͑refrac-tive index for the ordinary ray͒ decrease, and then gradually saturate in the near-infrared region. 5 Temperature also plays an important role in affecting the LC refractive indices. As the temperature increases, n e behaves differently from n o . The derivative of n e ͑i.e., ‫ץ‬n e /‫ץ‬T) is always negative. However, ‫ץ‬n o /‫ץ‬T changes from negative to positive as the temperature exceeds the crossover temperature. 11 For elevated temperature operation of a LC device, temperature-dependent refractive indices need to be modeled accurately. Some semi-empirical models [12] [13] [14] have been developed for describing the temperature effect on the LC refractive indices. However, a comprehensive model would be much more desirable.
In this article, we derive a model for describing the temperature-dependent LC refractive indices based on the Vuks equation. 15 For low-birefringence thin-film-transistor ͑TFT͒ LC materials with a high clearing point ͑Ͼ100°C͒, the temperature-dependent LC refractive indices have a parabolic form. In Sec. II, we show the derivation processes for the temperature-dependent refractive indices. In Sec. III, the experimental method for measuring the refractive indices is briefly described. In Sec. IV, we validate the models by fitting the experimental data of four LC compounds and mixtures with different birefringences. Excellent agreement between theory and experiment is obtained. We use the experimental data of MLC-6241-000 (⌬nϳ0.085,T c ϳ100°C) to validate the parabolic model. This model fits the experimental data very well when the temperature is far from the clearing point. Finally, a linear relationship between ͗n 2 ͘ and temperature is discussed.
II. THEORY
The classical Clausius-Mossotti equation 16 correlates the dielectric constant ͑͒ of an isotropic medium with its molecular polarizability ͑␣͒ at low frequencies. Replacing ϭn 2 , the Lorentz-Lorenz equation 16 correlates the refractive index of an isotropic medium with molecular polarizability in the optical frequencies. In principle, these two equations are derived for isotropic media and are not suitable for anisotropic liquid crystals in which dielectric constants ( ʈ , Ќ ) and molecular polarizabilities (␣ ʈ ,␣ Ќ ) are all anisotropic in the nematic phase.
Vuks made a bold assumption that the internal field in a LC is the same in all directions and gave a semi-empirical equation correlating the refractive indices with the molecular polarizabilities for anisotropic materials: In theory, both n e and n o are functions of wavelength and temperature. The wavelength effect has been addressed extensively. Here, we focus on the temperature effect. According to our experimental data and fitting results, the average refractive index ͗n͘ decreases linearly as the temperature increases: 11 ͗n͑T͒͘ϭAϪBT.
͑13͒
Equation ͑13͒ has a negative slope. The value of B is around 10 Ϫ4 K Ϫ1 . On the other hand, birefringence is dependent on the order parameter S. Based on Haller's approximation, the order parameter can be approximated as Sϭ(1ϪT/T c ) ␤ . Thus, the temperature-dependent birefringence has the following form:
In Eq. ͑14͒, (⌬n) o is the LC birefringence in the crystalline state ͑or Tϭ0 K), the exponent ␤ is a material constant, and T c is the clearing temperature of the LC material under investigation. Substituting Eqs. ͑13͒ and ͑14͒ back to Eqs. ͑11͒ and ͑12͒, we derive the four-parameter model for describing the temperature effect on the LC refractive indices:
At the first glance, Eqs. ͑15͒ and ͑16͒ seem to have four fitting parameters. As a matter of fact, parameters A and B can be obtained from fitting the temperature-dependent ͗n(T)͘ data at a given wavelength, and parameters (⌬n) o and ␤ can be obtained by fitting the temperature-dependent ⌬n data. Thus, once we have measured the temperaturedependent n e and n o , we rearrange the data into ͗n(T)͘ and ⌬n(T) and parameters ͓A, B͔, and ͓(⌬n) o ,␤͔ can be obtained fairly straightforwardly. For direct-view and projection LC displays, the LC mixture employed usually exhibits a low birefringence and high clearing temperature (T c Ͼ90°C). Under the condition that TӶT c , the (1ϪT/T c ) ␤ term in Eqs. ͑15͒ and ͑16͒ can be expanded into a power series. Keeping the first three terms, we obtain n e ͑ T ͒ϭA e ϪB e TϪC e T 2 , ͑17͒
where
Equations ͑17͒ and ͑18͒ indicate that the LC refractive indices have a parabolic relationship with temperature for the lowbirefringence and high-clearing-point LC material when the operating temperature is far from the clearing point. For n e , the placket of the parabola is downward, whereas for n o , the placket is upward.
III. EXPERIMENT
We measured the refractive indices of 4-cyano-4-npentylbiphenyl ͑5CB͒, 4-cyano-4-n-pentyl-cyclohexanephenyl ͑5PCH͒, a high birefringence LC mixture ͑UCF-35; ⌬nϳ0.35) formulated in our laboratory, and a commercial low-⌬n TFT LC mixture ͑Merck MLC-6241-000; ⌬n ϳ0.085; T c ϭ373.72 K) using a multiwavelength Abbe refractometer ͑Atago DR-M4͒ at ϭ450, 486, 546, 589, 633, and 656 nm. For the LC samples studied, their n e or n o is outside the measurable range of the Abbe refractometer at ϭ450 and 486 nm. Thus, we will have fewer experimental data for these two wavelengths. The accuracy of the Abbe refractometer is up to the fourth decimal. For a given wavelength, we measured the refractive indices of 5CB, 5PCH, MLC-6241-000 and UCF-35 from 10 to 60°C. The temperature of the Abbe refractometer is controlled by a circulating constant temperature bath ͑Atago Model 60-C3͒.
To validate the four-parameter model, we use the model to fit the experimental data of 5CB, 5PCH, MLC-6241-000, and UCF-35 measured at ϭ546, 589, and 633 nm. Excellent agreement between the four-parameter model and the experimental data is obtained. To validate the threeparameter parabolic model, we fit the model with the experimental data of MLC-6241-000. The agreement is also excellent.
IV. RESULTS AND DISCUSSION

A. Validation of the four-parameter model
Although the four-parameter model has four unknowns, A, B, (⌬n) o , and ␤, they can be obtained by the two-step fittings. In experiment, we measured the refractive indices (n e and n o ) using Abbe refractometer at six wavelengths in the temperature range from 10 to 60°C. Once the refractive indices are measured, birefringence and average refractive index can be calculated. The first step is to use Eq. ͑13͒ to fit the average refractive index data and obtain parameters A and B. The second step is to use Eq. ͑14͒ to fit the birefringence data and extract (⌬n) o and ␤. Finally, we plug these two sets of parameters into Eqs. ͑15͒ and ͑16͒ to calculate the refractive indices and compare the calculated results with the measured ones. We use four different materials: 5CB, 5PCH, MLC-6241-000, and UCF-35 to validate the four-parameter model. At room temperature, the birefringences of UCF-35, 5CB, 5PCH, and MLC-6241-000 are 0.35, 0.2, 0.12, and 0.085, respectively, at ϭ589 nm, and their clearing temperatures are 368.3, 306.6, 325.9, and 373.7 K, respectively. Excellent agreement is obtained between the calculated results and experimental data of these four different materials. Figure 1 depicts the temperature-dependent average refractive indices of 5CB, 5PCH, UCF-35, and MLC-6241-000 at ϭ589 nm. Circles, upward-triangles, squares, and downward-triangles represent experimental data for 5CB, 5PCH, MLC-6241-000, and UCF-35, respectively, while solid lines are fitting results using Eq. ͑13͒. The fitting parameters for these four materials are listed in Table I . The average refractive index decreases linearly as the temperature increases. In the isotropic phase, the refractive index also decreases linearly with the increased temperature. Near the isotropic temperature, there is a sudden decrease in refractive index because of the second order phase transition which results in a density fluctuation. 19 The filled circles and triangles in Fig. 1 are the isotropic refractive indices for 5CB and 5PCH, respectively. They also decrease linearly with in- FIG. 1 . Temperature-dependent average refractive index ͗n͘ of 5CB, 5PCH, MLC-6241-000, and UCF-35 at ϭ589 nm. Open circles, upward-triangles, squares, and downward-triangles are average refractive indexes ͗n͘ of 5CB, 5PCH, MLC-6241-000, and UCF-35, respectively. Solid lines are fittings by using Eq. ͑13͒. The fitting parameters are listed in Table I . The filled circles and triangles are isotropic refractive indices for 5CB and 5PCH, respectively.
FIG. 2. Temperature-dependent birefringence (⌬n) of UCF-35
͑open downward-triangles͒, 5CB ͑open circles͒, 5PCH ͑open upward-triangles͒, and MLC-6241-000 ͑open squares͒ at ϭ589 nm. The four solid lines are fitting curves using ⌬nϭ(⌬n) o (1ϪT/T c ) ␤ , where T c is clearing point. The fitting parameters are listed on Table I. FIG. 3. Temperature-dependent refractive indices of 5CB at ϭ546, 589, and 633 nm. Squares, circles, and triangles are experimental data for refractive indices measured at ϭ546, 589, and 633 nm, respectively. Solid lines are fittings using the four-parameter model ͓Eqs. ͑15͒ and ͑16͔͒. The fitting parameters are listed in Table II . Figure 2 depicts the temperature-dependent birefringence of 5CB, 5PCH, MLC-6241-000, and UCF-35 at ϭ589 nm. Circles, upward-triangles, squares, and downward-triangles are experimental data for 5CB, 5PCH, MLC-6241-000, and UCF-35, respectively, while solid lines are fitting results using Eq. ͑14͒. The fitting parameters for these four materials at ϭ589 nm are also listed in Table I . Through fittings, we obtain parameters (⌬n) o and ␤.
For a full color display, we need to know the refractive indices at the three primary colors. Figure 3 depicts the temperature-dependent refractive indices of 5CB at ϭ546, 589, and 633 nm. Squares, circles, and triangles are experimental data measured at ϭ546, 589, and 633 nm, respectively, and solid lines are fitting results using the fourparameter model. The agreement is excellent. In an isotropic phase, the optical anisotropy disappears ͑i.e., n e ϭn o ) regardless of wavelength. The fitting parameters for the fourparameter model are listed in Table II . As shown in Fig. 3 , the agreement between the four-parameter model and experimental data is excellent.
Due to the shorter molecular conjugation, 5PCH has a lower birefringence than 5CB, however, its clearing temperature is higher. Thus, similar to 5CB, 5PCH has been widely used in many commercial LC mixtures. Figure 4 depicts the temperature-dependent refractive indices of 5PCH at ϭ546, 589, and 633 nm. Squares, circles, and triangles are the experimental data measured at ϭ546, 589, and 633 nm, respectively, and solid lines are fitting results using the fourparameter model. Above the clearing point (T c ϭ325.9 K), the optical anisotropy vanishes so that n e ϭn o . The fitting parameters for the four-parameter model are listed in Table  III . Excellent agreement between the four-parameter model and experimental data is achieved. Figure 5 depicts the temperature-dependent refractive indices of MLC-6241-000 and UCF-35 at ϭ589 nm. Circles and squares are measured refractive indices of MLC-6241-000 and UCF-35, respectively. Solid lines are fitting results using the four-parameter model. The fitting parameters for the four-parameter model are listed in Table I . Excellent agreement is achieved between the four-parameter model and experimental data.
Summarizing, the four-parameter model fits very well with all the four LC materials we studied, although their birefringence values span a wide range. It is an accurate model to describe the temperature effect on the refractive indices of liquid crystals.
B. Validation of the parabolic model
For a low-⌬n, high-T c LC compound or mixture, the four-parameter model can be reduced to a three-parameter parabolic model. To validate the parabolic model, we chose two LC mixtures: MLC-6241-000 (⌬nϳ0.085) and UCF-35 (⌬nϳ0.35); their clearing temperatures are 100 and 95.3°C, respectively. Figure 5 depicts the temperature-dependent re- Table III . Tables I and IV,  respectively. fractive indices of MLC-6241-000 and UCF-35 at ϭ589 nm. Circles and squares are measured refractive indices of MLC-6241-000 and UCF-35, respectively. Solid lines are fitting results using the four-parameter model and dashed lines are fitting results using the three-parameter parabolic model. The fitting parameters for the three-parameter parabolic model are listed in Table IV Ϫ6 ), respectively. At room temperature, the birefringences of MLC-6241-000 and UCF-35 are around 0.085 and 0.35 at ϭ589 nm, respectively. In Fig. 5 , the three-parameter parabolic model ͑dashed lines͒ fits the experimental data of the two materials very well and almost overlap each other with the fourparameter model when the temperature is far from the clearing point. In the three-parameter model, we predict all the A e,o , B e,o and C e,o coefficients should be positive. From this viewpoint, the three-parameter parabolic model fits the experimental data of MLC-6241-000 better than that of UCF-35 because one of the fitting parameters B e for UCF-35 is negative although its value is relatively small. To explain this discrepancy, we need to review the assumption made during the derivation of Eqs. ͑17͒ and ͑18͒. The two assumptions made there are: ͑1͒ the LC birefringence is low, and ͑2͒ TӶT c . Under these conditions, the four-parameter model can be expanded into a power series, which leads to the three-parameter parabolic model. However, the birefringence of UCF-35 is quite high, so that the power expansion is less accurate. Consequently, the fitting results for UCF-35 are less satisfactory. Thus, the three-parameter parabolic model is more suitable for the low-birefringence LC materials while the operating temperature is far from the clearing temperature. 
C. Temperature effect on
IV. CONCLUSIONS
We have derived a four-parameter model for describing the temperature effect on the refractive indices of liquid crystals based on the Vuks equation. Four different LC materials with different birefringences are used to validate this fourparameter model. Excellent agreement between the experimental data and theory is obtained. For a TFT LC material with low birefringence and high clearing point, the fourparameter model can be simplified to the three-parameter parabolic model. The three-parameter parabolic model fits well with the experimental data of MLC-6241-000, which is a low-birefringence and high-clearing-temperature LC mixture. The three-parameter parabolic model fits the experimental data very well when the temperature is far from the clearing point. Thus, the three-parameter parabolic model is more suitable for describing the temperature effect on TFT LC materials with a low birefringence and a high clearing point. Finally, we find that ͗n 2 ͘ also decreases linearly as the temperature increases.
